The primordial quantum logic, the projection lattice of a Hilbert space, carries a rich topological and covariant structure. We might reasonably wish to equip abstract quantum logics -orthomodular lattices and posets, orthoalgebras, etc. -with similar structure. Topological OMLs (TOMLs) have already been studied in the literature, but the projection lattice of a Hilbert space is not a TOML: rather, it's a topological orthoalgebra (TOA). After presenting some general results on TOAs, I'll show how one can construct highly symmetric TOAs from compact groups. Time allowing, I'll conclude with a selection of open problems.
0.

Introduction
The primordial quantum logic is the orthomodular lattice L(H) of projection operators on a separable Hilbert space H. Familiar order-theoretic and partial-algebraic generalizations include
• orthomodular lattices (OMLs)
• orthomodular posets (OMPs)
• orthoalgebras (OAs)
• effect algebras.
But L(H) is not just an order-theoretic object: it also has a rich topological and covariant structure. It would seem reasonable to study abstract quantum logics endowed with such structure. As a first observation, note that L(H) is not a topological lattice (it's easy to see that the meet operation isn't continuous). However, L(H) is a topological orthoalgebra in a natural sense.
This talk discusses some recent work along these lines. First, I'll sketch a general theory of (mainly, compact) topological orthoalgebras (TOAs). Then I'll present a construction that produces highly symmetric compact TOAs from compact groups. Time allowing, I'll conclude with a selection of open problems.
1.
Background on Orthoalgebras
Definition: An orthoalgebra [2] is a structure (L, ⊕, 0, 1) consisting of a set L, two distinguished elements 0 and 1, and a commutative, associative, cancellative partial operation ⊕ such that, for all a ∈ L,
An orthoalgebra L can be partially ordered by setting
If it exists, c is unique; we denote it by b a. The mapping a → a is an orthocomplementation with respect to ≤, and
Condition (c) is called ortho-coherence. Hence:
Topological Orthoalgebras
Definition: A topological orthoalgebra (TOA) is an orthoalgebra L equipped with a topology making
The mapping : ≤→ L is continuous.
Examples:
(a) Any Cartesian product of discrete orthoalgebras, with the product topology, is a compact TOA.
is lattice-ordered TOA (but not a TOML) with respect to either the norm or strong (equivalently, weak) operator topology [5] . Thus, lattice-ordered TOAs needn't be TOMLs. Call a subset of a TOA L totally non-orthogonal iff it contains no two orthogonal elements.
Lemma 2: Every non-zero element of a TOA L has a totally non-orthogonal open neighborhood.
Proof: If a ∈ L is non-zero, then (a, a) ∈⊥. Since the relation ⊥ is closed in L 2 , we can find open sets U and V with (a, a) ∈ U × V and (U × V )∩ ⊥= ∅. The set U ∩ V is a totally non-orthogonal open neighborhood of a.
Proposition 2: Let L be a compact TOA with isolated zero. Then there is a finite bound on the size of pairwise orthogonal sets in L.
Proof: If L is compact with 0 isolated, then L \ {0} is compact. By Lemma 2, we can cover it by finitely many totally non-orthogonal open sets U 1 , ..., U n . A pairwise-orthogonal subset of L \ {0} meets U i at most once, and so, has at most n elements.
Corollary 2:
A compact TOA with isolated zero is atomistic, and of finite height.
As we'll see, the assumption that 0 is isolated is natural.
3.
Constructing (topological) OAs
There is a standard way to construct orthoalgebras, due to Foulis and Randall (For details, see [2] or [3] ).
A test space (X, A) consists of a set X and a covering A of X by non-empty subsets, called tests (understood as outcome sets for various experiments). Subsets of tests are called events.
for the set of all events of (X, A).
One calls (X, A) algebraic iff perspective events have the same complements -equivalently, if every "hook" of events A co B co C co D closes with A co D:
In this case ∼ is an equivalence relation on E, and the quotient set Π := E/ ∼ carries a partial operation
well-defined for A and B disjoint with A ∪ B ∈ E. In fact, (Π, ⊕) an orthoalgebra, called the logic of (X, A), and every orthoalgebra arises in this way.
Examples:
(a) Let X = E and A = {E}. Then E = P(E), and A ∼ B iff A = B. Hence, Π P(E).
(b) Let X be the unit sphere of a Hilbert space H; let F be the collection of frames (unordered orthonormal bases) for H. Then events of (X, F) are orthonormal subsets of H, and two events are perspective iff they have the same closed span. Hence, (X, F) is algebraic, with Π L(H).
(c) Let X consist of the nodes in the graph below, and let A consist of the sets of nodes lying along straight lines. This is algebraic by default. Π is a non-orthocoherent orthoalgebra.
•~~~~@
Let X consist of the points, and A, of the lines of the Fano plane (pictured below, less one point). Again (X, A) is algebraic; this time Π is isomorphic to the lattice of subspaces of a three-dimensional vector space over Z 2 .
We can topologize the apparatus of test spaces and logics, as follows. Call two (distinct) outcomes x, y ∈ X of a test space (X, A) orthogonal, and write x ⊥ y, iff {x, y} ∈ E.
Definition: A topological test space is a test space (X, A) where (a) X is a Hausdorff space, and (b) The relation ⊥⊆ X 2 is closed.
It can be shown that every event of a topological test space is a closed, discrete set. The collection 2 X of all closed subsets of a topological space X carries a natural topology, the Vietoris topology. This is the weakest topology making the set Thus, the topological assumptions of Proposition 3 are automatically satisfied for a compact G-symmetric test space. If (X, A) is algebraic, it follows that L := Π(X, A) is a compact TOA with isolated zero. G acts continuously on L by automorphisms, and, under this action, the atoms of L form a transitive G-space.
5.
Constructing Symmetric Test Spaces
Let E be any set, and let S = S E , the group of all permutations of E. Pick a "base point" x o ∈ E. Let G be any group extending S, and
Given the data (E, G, K), we can construct a G-test space (X, A) as follows:
Henceforth, (X, A) denotes the test space thus constructed. This is clearly G-symmetric. Moreover, every bijection between two tests is effected some element of G. (X, A) is strongly symmetric iff only the identity element of G fixes every x ∈ E.
At least in the compact case, this construction is wellbehaved topologically. For the following, see [6] :
Of course, we'd like (X, A) to be algebraic.
For any A ⊆ X, let F A be the subgroup of G fixing each x ∈ A. For A ⊆ E, write A for E \ A. We have:
Proof: (⇒) Suppose (X, A) is algebraic. If α ∈ F A and α ∈ F A , we obtain a "hook" of events α −1 A co A co A co α A:
Since |α −1 A | = |A | and |α A| = |A|, and since every bijection E → F extends to an element of G, we can find β ∈ G with βx = α −1 x for every x ∈ A and βx = α x for every x ∈ A. Then αβ ∈ F A and α (any other hook in E being a translate of one of these). We wish to show that A co C. Now, B = α A for some α ∈ F A , and C = βA for some β ∈ F B . But 
